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1. Crystallographic Problem

The Miller indices (%kl) represent all the planes
that are parallel to each other with the same interpla-
nar distance in single crystals, and they are expressed
as vectors in the reciprocal lattice. Accordingly, the
interplanar angle between two planes is the angle
between the corresponding two reciprocal lattice vec-
tors with tail at the origin. To understand the concept
of the reciprocal lattices, it is beneficial if the inter-
planar angles in the real lattices are easily calculated.

The interplanar angles have been studied only in
three books to the best of our knowledge. Donnay,
J. D. H. and Donnay Gabrielle (1985) expressed the
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Al A¥8}= &F computer program ‘InterplanarA’E

crystallographic interplanar angles in terms of only
reciprocal lattice constants: @', b, ¢, o', B, ¥ and
Cullity, B. D. (1978) in terms of real lattice constants
a, b, ¢, a, B, y together with interplanar spacing and
unit cell volume V. Koch E. (1995) provided how to
calculate the angle between crystal planes (/,k,/,) and
(M,ky1,) using reciprocal lattice parameters without pro-
viding any explicit expression for each of the seven
crystal systems. Thus, to compute the interplanar angle
using the above-mentioned formulas, either the recip-
rocal lattice parameters or the interplanar distance
d(hkl) and the unit cell volume V" should be calculated
first for triclinic, monoclinic and trigonal systems.

In this paper, the interplanar angle ¢ between
crystal planes (4,k,/,) and (hk,1,) is described only
with the six real cell constants a, b, ¢, o, B, v
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together with two Miller indices (h,k,/;) and (hkl,)
so that the calculation of the angle becomes conve-
nient and straightforward.

2. Theory of Solution

If & , b , ¢ are defined as unit reciprocal lattice
vectors of arbitrary crystal cells, the vector a (hkl) =
ha + kb +1c" s parallel to the direction of plane
(hkl) and its absolute value is 1/d(hkl), where h, k,
[ are Miller indices and d(hkl) is the interplanar dis-
tance. Therefore, the interplanar angle ¢ between
two planes (h,k,/,) and (hk,l,) for arbitrary crystal
systems can be obtained from the scalar product of
the reciprocal lattice vectors j, (hk ) and 72
(hhob): d eds = d edscosd, where d (k)=
ma +kb +1¢ and & (hkb)=ha +kb +
Lé

The j, . jz and the absolute values of 71 (hkl),
jﬁ (h.k,l,) are calculated as follows:

-2 - - = -
di(h k1) e dy(hk,l,) = (ha + kb +1,c")
- - -2 ) *2
o (Id + Iob" + L&) = hhya + kk,b™
2 =
+ 1Le™ + (hks + hok)d' o b

- = =
+ (b + hal)a o ¢ + (kb + kol )b 0 ¢

N
S
v

%

Substituting a* =

the above equation,

- - 1 > >2
d](h]k]l]) o dT(thle) = 7{h|h7_(b X C)

2
> >2 > 2
+ kiky(e xa) +1L,(axb)
> 5 > >
+ (hiky + hyk))(b xc)e(cxa)
> > > >
+ (b + hl)(bxc)e(axb)
> > > >
+ (kil, + k) (e xa)e(axb)}
Applying the scalar product, (;1) ><1_9>) . (Z‘ XB) =
(Z.E’)(ﬁ-ﬁ) - (Z oB)(éoé)
o > 2 > 2 > 502
f?{hlhz(bxc) + kiky(c x a) +11,(axb)

+ (ks + ok )[(b ® ¢)(c @ @) — (b o a)]
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TN PO
+ (b + hl)[(bea)(ceb)—b(cea)]
> > > > , > 2
+ (ki + kol)[(cea)aeb)—a(ceb)]}
= %2 (b’ sin’a+ kkoc?a’sin’B
+ L L,a'b’sin®y + (hky + hoky)
[(beeosa)(cacosP) — c’(bacosy)]
+ (hl, + hyl,)[(bacosy)(cbecosa)
—b’(cacosP)] + (kL + k1))
[(cacosP)(abcosy) —a’(cbcosa)] }
c d (kL) o d(hokaly) = %{hlhzbzczsinza
+ kikyc’a’sin®B + 1, ,a’b’sin’y
+abc’(hyk, + hok,)(cosocosP — cosy)
+ab’c(hl, + hyl,)(cosycoso — cosP)
+a’be(kly + kyl,)(cosPeosy — cosa) }
Similarly
d=1
14

+ 2h,kyabc’(cosocosP — cosy)

{hib’c*sin’o + kja’csin’p + [;a’b’sin’y

+2h,1,ab’c(cosycoso — cosp)

+ 2k, 1,a’bc(cosPeosy —cosa) } i
d = Il/ (b sina + Kaicisin®B + La*bPsin’y
+ 2hyk,abc® (cosoucos P — cosy)
+ 2h,ylab’c(cosycosa — cosp)
+ 2k, L,a*be(cosBeosy — cosa)

The interplanar angle ¢ for each of the seven
crystal systems is obtained as follows.

(1) The interplanar angle ¢ between (h.k,l,)
and (h,k,l,) for triclinic system:

= {h h,b’c’sin’a

P

+ kikyc'a’sin®B + 1, L,a’b’sin’y
+abc’(hyk, + hok,)(cosocosP — cosy)
+ab’c(hl, + hyl,)(cosycoso — cosP)

+a’be(k,l, + kaly)(cosPeosy — cosa) b
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[[{mb’csin*a + kia’c’sin®B + La b’sin’y
+ 2hk,abc’(cosacosP — cosy)
+2h,1,ab’c(cosycoso. — cosp)

+ 2k, l,a*be(cosBeosy — cosa)

X {hgbzczsinza + kiazczsinzﬁ + liazbzsinzy
+ 2h,k,abc’(cosocosP — cosy)

+ 2h,L,ab’c(cosycoso — cosp)

+ Zkzlzazbc(cos[%cosy—cosoc)}l/z] (1)

(2) The interplanar angle ¢ for monoclinic
system (b-axis unique):

hl_iz“rklkgsinzﬁ+M7(h.lz+hzll)cos[3

cosd = a b c ac
(hf | Kisin’cosp [ 2h111cosB)

- b’ e ac
(hﬁ | Ksin’cosp , L 2h212cosﬁ)

" b? c ac

(3) The interplanar angle ¢ for orthorhombic
system:

hh,  kk, |, 11
2 1 b M
cosd = a ¢
2 2 ZZ 2 2 2
(_' _1+_')(_2+_2+_2)
a b N b
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(4) The interplanar angle ¢ for tetragonal system:

}llhz + k]kj + l]lz

>

a 4

EEHEED

a Cc a c

cosh =

(5) The interplanar angle ¢ for trigonal sys-
tem (rhombohedral axes):
[sin’ou(hhy + kiks + 1115)
+ (COSZOL7 coso)(hk, + hyk,
+hl+ ol + kil k)]
sinzoc(hf + i+ lf)

+ 2(coszocfcosoc)(h|k1 + i+ k)

cosd =

sin“ou(/s + ko + 13)

+2(cos’ o — cosa) (haky + haly + k1)
(6) The interplanar angle ¢ for hexagonal system:

hohy + kik, + l(hlk2 + hok)) + gzlllz
2 4.2
cosh =

2 2 3a°
hi + ki + hk +==1
4.2

2
(12 + 6+ ok, + 31
C

program calculates an interplanar angle bhetween <(hli ki 11> and
<h2 k2 12> in each run.

(1> This program requires an input file name that should he provided

by users.
number should bhe separated by spaceds).

The input file format should he as follows:
a, b, ¢ in angstronm.

alpha, beta, gamma in degrees.
Miller indices <¢hl ki 11> and <h2 k2 12> of two planes

There is no fixed format of the input file except each

After reading the input file, the program will require an output

file name.

Example of an input file:
9.452 13.841 16.754 168.523 165.372 106.84 0 1
Example of the generated output file

a =9.452, b =13.841, ¢ = 16.954

alpha = 108.523, beta = 185.372, gamma = 106 .04

hi ki 11 and h2 k2 12 phi (degree)

5} 1 a a a 1 73.971

Enter input file name:

a8 8 1

Fig. 1. The procedure to run the program '"InterplanarA".
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(7) The interplanar angle ¢ for cubic system:

hlhz + k]kz + l]lz

cosp =
S+ I+ DY(h + 1+ 1)

The program InterplanarA for the calculation of the
crystallographic interplanar angles has been written
based on (Eq. 1).

3. How to Run the Program “InterplanarA”
Double-click on the executable, interplanarA.exe,
and then follow the instructions on the screen as

shown in Fig. 1.

4. Environment and Availability

The program is written in C-language, and it
is executed on a Windows-based PC. Soft copy

LERE LR

of the program is available upon request from
ihsuh@korea.ac.kr.
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